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Abstract: In an incomplete continuous-time securities market with uncertainty 
generated by Brownian motions, we derive closed-form solutions for the equi- 
librium interest rate and market price of risk processes. The economy has a 
finite number of heterogeneous exponential utility investors, who receive par- 
tially unspanned income and can trade continuously on a finite time-interval 
in a money market account and a single risky security. Besides establishing 
the existence of an equilibrium, our main result shows that if the investors' 
unspanned income has stochastic countercyclical volatility, the resulting equi- 
librium can display both lower interest rates and higher risk premia compared 
to the Pareto efficient equilibrium in an otherwise identical complete market. 
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1 Introduction 



We consider an incomplete continuous-time securities market with uncertainty generated by 
Brownian motions, which allows us to derive closed-form solutions for the equilibrium interest 
rate and market price of risk processes. The economy has a finite number of heterogeneous ex- 
ponential utility investors, who receive partially unspanned income. The closed-form solutions 
facilitate a direct investigation of the impact of stochastic income volatility and preference 
heterogeneity on the resulting equilibrium interest rates and risk premia in a setting with 
unspanned income risk both at the individual and aggregate level. 

The investors can trade continuously on a finite time-interval in a money market account 
and a single risky security, and they maximize expected time-additive exponential utility 
of continuous consumption. We show that the impact of unspanned income risk on the risk 
premium compared to the Pareto efficient analogue depends on how risk premia are measured 
(instantaneously or discretely). We show, in a model-free manner, that unspanned income 
risk can never affect the equilibrium instantaneous market price of risk process in a setting 
with exponential utility investors and continuous income processes governed by Brownian 
motions. On the other hand, if risk premia are measured over finite time-intervals (as in 
empirical asset pricing studies), we show that unspanned income with countercyclical income 
volatility can increase the discrete market price of risk process compared to the Pareto efficient 
equilibrium in an otherwise identical complete market setting. 

It is well-known that individual unspanned income risks lower the equilibrium interest rate 
compared to the Pareto efficient equilibrium in an otherwise identical complete market setting 



(see, e.g., [Wang 2003 Krueger and Lustig 2010 and Christensen, Larsen, and Munk 2011 ). 
This is due to the inefficient sharing of these risks and the resulting increased demand for 
precautionary savings. The key contribution of our paper is to demonstrate the non-trivial 
effects stochastic volatility of unspanned income can have on the resulting incomplete mar- 
ket equilibrium compared to the complete market analogue. While the equilibrium interest 
rate is always reduced, we show that the impact of unspanned income risk on the discrete 
market price of risk depends on whether the stochastic income volatility co-varies negatively 
or positively with the aggregate spanned income risk. The empirical evidence reported in, 
for example, Bloom (2009) and Bloom, Floetotto, and Jaimovich (2010) suggests that un- 
spanned income risks are countercyclical, i.e., investors view their future income prospects as 
more uncertain in economic downturns. We show that unspanned income risk can increase 
(decrease) the discrete market price of risk process compared to the complete market setting 
if the stochastic income volatility is countercyclical (procyclical). Furthermore, we show in 
numerical examples that these impacts can be substantial. 
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Christensen et al. (2011) show that unspanned income risk has no impact on risk pre- 
mia for aggregate spanned income risk (measured instantaneously or discretely) in settings 
with deterministic income volatility and exponential utility investors. As noted above, the 
introduction of stochastic income volatility does not change this result as long as returns 
and risk premia are measured instantaneously. This result follows from the fact that even 
when income volatility is stochastic, unspanned income risk is deterministic instantaneously. 
On the other hand, stochastic income volatility affects the return distributions over finite 
time-intervals and, thus, there can be an impact of unspanned income risk on the discrete 
market price of risk process. Increases in unspanned income risk affect an investor's ex- 
pected utility negatively and, thus, if unspanned income volatility co-varies negatively with 
the aggregate spanned income risk, then the discrete market price of spanned income risk 
increases — negative shocks to spanned aggregate income do not only reduce contemporaneous 
consumption but these shocks also increase the volatility of subsequent unspanned income. 

The questions of existence and characterization of complete market equilibria in continu- 
ous time and state models are well-studiedj§ The most common technique applied is based on 



the martingale method from Karatzas, Lehoczky, and Shreve (1987) and Cox and Huang (1989) 



which in complete market settings provides an explicit characterization of the investor's op- 
timizer. By using the so-called representative agent method, the search for a complete mar- 
ket equilibrium can be reduced to a finite-dimensional fixed-point problem. To the best 
of our knowledge, only Cuoco and He (1994) , Basak and Cuoco (1988) Zitkovic (2010) and 



Christensen et al. (2011) consider the existence and characterization of a non-Pareto efficient 
equilibrium in a continuous-time trading setting. 



Our setting is similar to that of Christensen et al. (2011) who derive closed-form solu 



tions for all the equilibrium quantities in an economy with a finite number of heterogeneous 
exponential utility investors, and dividends and unspanned income governed by arithmetic 



Brownian motions. The crucial difference between the model in Christensen et al. (2011) and 
our model is that we allow for stochastic income volatility and, still, we provide a tractable 
incomplete markets model for which the equilibrium price processes can be computed explic- 
itly. Consequently, we can quantify the impact of the market incompleteness in the more 
realistic setting of stochastic income volatility supported by the empirical evidence (see op. 
cit. IBloom 20091 and IBloom et al. 20101) . The stochast ic income volatility is a necessary 
ingredient in order to obtain an impact of unspanned income on the discrete market price 
of risk process. We incorporate a stochastic volatility a la Heston's model into the income 
and equilibrium risky security price dynamics. We derive explicit expressions for the equi- 



See, e.g., Chapter 4 in 
an overview of this literature 



Karatzas and Shreve (1998b) and Chapter 10 in Duffie (2001) for 



More recent references on complete market equilibria in- 



clude Zitkovic (2006) Cvitanic, Jouini, Malamud, and Napp (2009) Anderson and Raimondo (2008) and 
Hugonnier, Malamud, and Trubowitz (2009) | 



librium instantaneous and zero-coupon interest rates as well as for the instantaneous and 
discrete market price of risk processes in terms of the individual income dynamics and the 
absolute risk aversion coefficients. The resulting type of the equilibrium market price of 
risk process has been widely used in various optimal consumption-portfolio models (see, e.g., 
IChacko and Viceira 20051 and IKraft 2005 P , whereas the resulting equilibrium interest rate is 
similar to the celebrated CIR term structure model. 

Translation invariant utility models (such as the exponential utility model we consider) 
allow consumption to be negative (see, e.g., the discussion in the textbook ISkiadas 2009P - 



Schroder and Skiadas (2005) show that this class of models is fairly tractable even when 



income is unspanned. We first conjecture the form of the equilibrium market price of risk 



process, and then we use the idea in Cuoco and He (1994) to re-write the individual investors' 
consumption-portfolio problems as problems with spanned income but heterogeneous beliefs. 
In certain affine settings with a deterministic interest rate, the exponential investor's value 
function is available in closed- form (see, e.g., Henderson 2005} Wang 2004, Wang 2006, and 
IChristensen et al. 201 ip . However, the incorporation of stochastic income volatility necessar- 
ily produces a stochastic equilibrium interest rate preventing the corresponding HJB-equation 
from having the usual exponential affine form. Therefore, the individual investor's value func- 
tion is not available in closed-form in our setting. However, by using martingale methods, 
we obtain tractable expressions for the individually optimal consumption policies, which in 
turn are sufficient to produce the incomplete market equilibrium price processes. 

In a discrete infinite time horizon model with a continuum of identical exponential utility 
investors, Wang (2003) illustrates the negative impact unspanned income risk can have on 



the equilibrium interest rate. Similarly, in a discrete-time setting, Krueger and Lustig (2010) 



provide sufficient conditions in a setting with a continuum of identical power utility investors 
under which unspanned idiosyncratic income risk will lower the equilibrium interest rate, but 



not affect the risk premium. Christensen et al. (2011) present a continuous-time model with 
a finite number of exponential utility investors exhibiting the same interest rate phenomena, 
but also with no impact of unspanned income on the instantaneous risk premium. We extend 
these results by showing that as long as the income/consumption dynamics are continuous 
over time and the uncertainty is governed by Brownian motions, any equilibrium based on 
exponential preferences produces the same instantaneous risk premium as the standard Pareto 
efficient analogue. On the other hand, as noted above, we also prove that the discrete market 
price of risk process can be increased due to unspanned income risk if there is stochastic 
countercyclical income volatility. 



Constantinides and Duffie (1996) , and various extensions including Storesletten, Telmer, and Yaron (2007 



produce similar equilibrium implications for the impact of unspanned income risk on interest 
rates and risk premia. They rely on a discrete-time analysis and a continuum of identi- 



3 



cal power utility investors with idiosyncratic income risks which wash-out at the aggregate 
level using a law of large numbers. Given virtually any pattern of risky securities and bond 
prices, Constantinides and Duffie (1996) show that individual income processes can be de- 



rived so that the (no-trade) equilibrium is consistent with these prices. In particular, if the 
cross-sectional volatility of the individual investors' income growth is countercyclical and suf- 
ficiently large, the model can produce equilibrium prices consistent with the high observed 



equity premium. In Chapter 21 in Cochrane (2005) it is argued that cross-sectional income 
data do not show such large dispersion. In contrast to Constantinides and Dume (1996) , we 



consider a finite number of heterogeneous investors such that there is unspanned income risk 
both at the individual and at the aggregate level. Importantly, while the countercyclical 



income volatility in Constantinides and Duffie (1996) pertains to the cross-sectional income 
distribution, the countercyclical income volatility in our model pertains to the individual 
investors' unspanned income risk. 



Models based on a continuum of agents, such as Constantinides and Duffie (1996) and 



Krueger and Lustig (2010) , rely on market clearing conditions defined by reference to a law 



of large numbers. Judd (1985) and Uhlig (1996) discuss both technical and interpretation 
issues related to using such averaging market clearing conditions. Our model uses a finite 
number of investors and our market clearing conditions are required to hold pointwise, i.e., 
the realized aggregate demands are required to equal the aggregate supplies in equilibrium. 

The paper is organized as follows. The next section introduces the structure of the 
economy in terms of the exogenously given quantities, and in terms of conjectures for the 
equilibrium price processes. Section 3 presents the investors' consumption-portfolio problems 
in which the investors take the conjectured price processes as given. Our main Section 4 first 
defines and then shows the existence of an equilibrium consistent with the conjectured price 
processes and, secondly, it examines the impact of market incompleteness on the equilibrium 
interest rates and risk premia. Section 5 re-states the investors' consumption-portfolio prob- 
lems in the form of an equivalent complete market setting with heterogeneous beliefs. This 
allows us to derive the investors' equilibrium consumption processes explicitly, which is a key 
ingredient in the proof of the main equilibrium theorem stated in Section 4. The concluding 
Section 6 discusses variations of the model, and all proofs are in the appendix. 



2 Endowment and price processes 

We consider an endowment economy with a single non-storable consumption good which 
also serves as the numeraire, i.e., prices are quoted in terms of this good. The economy 
is populated by / < oo consumer-investors all living on the time interval [0,T], T < oo. 
(J7, J-, P) denotes the probability space on which all stochastic quantities are defined. (W, Z) 
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denotes an 1 + I dimensional Brownian motion, where W is scalar valued and Z = (Zi)f =1 
is a vector of investor-specific Brownian motions. All Brownian motions (W, Z\, Zj) are 
independent and the corresponding standard augmented Brownian filtration is denoted by 
J~t, t G [0, T]. We consider T := Tt and we will often write Ej[-] instead of E p [-|J r t]. C p 
denotes the space of measurable and adapted processes / such that 

f T 

/ \fu\ p du < oo, P-almost surely, p G {1, 2}. 
J o 

2.1 Exogenously specified quantities 

The investors have time-additive negative exponential utility of consumption with possible 
different degrees of absolute risk tolerance Tj > 0, i = 1, For simplicity, we assume that 
their time-preference rates are all equal to zero. Investor i's utility function over consumption 
is therefore 

Ui(x) := -e- x/n , i£K, i = l,...,J. 

The following process v will be used to model stochastic income volatility. We define v 
as the Feller process 

(2.1) dv t := {n v + K v v t )dt + a vS /v~ t dW u t G [0,T], u > 0, 

where constants such that v remains strictly positive on [0, T]. Positivity is 

ensured by the first part of following assumption (Feller's condition). 

Assumption 2.1. The following two conditions are satisfied: 

1 2 
> > 0. 

Investor i's income is determined by the process 

(2.2) dY it := (fi Yt + K Yl v t )dt + JW t (o Y .dWt + P Yt dZ it ) , Y i0 G R. 



The parameters (fJ-Y t , K Yi,CYi, /3yJ, i = 1, -f, are constants. The Brownian motion W 
affects all investors' income processes, whereas the Brownian motion Zi models investor 
i's idiosyncratic income risk. The income process Yi consists of the dividends from the 
investor's endowed portfolio of traded and non-traded assets with exogenous dividends plus 
the investor's stream of labor income. 

It is not immediate how to adjust our approach to cover the mean-reverting income mod- 



els used in Wang (2004) and Wang (2006) The affine optimal investment models used in 



Wang (2004) and Wang (2006) are based on an exogenously specified deterministic interest 
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rate. However, the corresponding equilibrium interest rate cannot be deterministic or even 
independent of the investors' idiosyncratic income risk processes in these affine settings|f] 
Unlike the power utility investor, stochastic interest rates complicate the exponential utility 
investor's optimal investment problem tremendously. As we shall see, the income processes 
(|2.2p produce a stochastic equilibrium interest rate, which is adapted to the filtration gen- 
erated by W, and for which the individual exponential utility investor's optimal investment 
problem remains partially tractable. 

The aggregate income process Et := Yli=i ^it has the dynamics 

I 

(2.3) d£t = U £ + Keihjdt + V¥ t (a £ dW t + p Yi dZ it ) , t E [0, T], 



i=l 



where we have defined the constants 

I I I I 

(2-4) r E :=^Ti, a £ :=^2a Yl , K £ --^Ky,, fx £ :=^2fJ, Yi . 

i=l i=l i=l i=l 

In order to make the following discussions and interpretations unambiguous, we assume that 
(a Yi ,/3 Yi ) are nonnegative, i = 1, The cross quadratic variation between the aggregate 
income process and the stochastic income volatility, i.e., d(£.,v.)t = cr v a £ vtdt, is controlled 
by the parameter a v . In what follows a v plays an important role, and we allow for both 
countercyclical (a v < 0) and procyclical (a v > 0) stochastic income volatility. 



As we noted in the Introduction, Bloom et al. (2010) demonstrate empirically that income 



uncertainty is strongly countercyclical both at the aggregate, the firm, and the individual 



level and, hence, a v < 0. Moreover, Bloom (2009) and Bloom et al. (2010) demonstrate 



that income growth is negatively impacted by increases in the income volatility, for example, 
due to a "higher value of waiting to invest" with non-convex capital adjustment costs and, 
hence, k £ < 0. In turn, this implies that the constant part of expected aggregate income 
growth must be positive, i.e., \i £ > 0, in order to have positive expected aggregate income 



growth (on average). In addition, Bloom (2009) demonstrates that expected income growth 



rebounds following positive shocks to volatility. This is in our model captured by assuming 
that the volatility process is mean-reverting, i.e., k v < 0. Therefore, in the following, the 



Breeden (1986) | show that in complete markets settings the equilibrium interest rate is an increasing 



function of expected aggregate consumption growth. In mean-reverting income models the expected aggregate 
consumption growth depends on the level of aggregate consumption and, hence, the equilibrium interest rate 
is likely to depend on both the W-risk and on the investors' idiosyncratic risks Zi. Our income processes (|2.2p 
ensure that individual and aggregate income shocks are fully persistent. Therefore, the expected aggregate 
consumption growth is independent of the idiosyncratic income risk processes. 



I. 



"empirically relevant setting" refers to the parameter configuration: 

fig > 0, Kg < 0, a v < 0, k v < 0. 
2.2 Endogenously determined quantities 

The investors can trade continuously on the time interval [0, T] in a money market account 
with price process and a single risky security with price process S. We begin with the 
money market account. 

Conjecture 2.2. The equilibrium price of the money market account has the dynamics 
(2.5) dSl 0) = Sl 0) r t dt, t e [0,T], sj 0) = 1, 

where the := a(W u ) u ^ o t yadapted process r is defined by 

(2-6) ^{w + ^-jEf -||)4 

For concreteness, we let the single risky security be an annuity paying out a unit dividend 
rate over [0,T]. We make the following conjecture. 

Conjecture 2.3. There exists an := cr(W u ) ue [o ) t]-adapted process as £ C 2 with agt 7^ 
for t G [0, T) such that the equilibrium price of the risky security has the dynamics 

(2.7) dS t + dt= (r t S t + a St fisVn) dt + a St dW t , S > 0, 
where r is defined by (|2.6|) . and the constant (is is defined by 

(2.8) ^ := — • 

The idiosyncratic Brownian motions (Zi)\ =1 do neither appear directly in the risky security 
price dynamics (|2.7p nor in the spot interest rate dynamics (|2,6p . Nevertheless, a key point 
of this paper is to explicitly quantify the significant impact the presence of the idiosyncratic 
unspanned risks {Zi)\ =1 can have on (S, S^). As will become clear, this impact is due to 
the coefficient ^ X^=i @Yi/ T i m ^ ne interest rate dynamics (|2.6p . 

In order to state the third and final property regarding (S,S^ 0S> ), we need the standard 
concept of state-price densities (see, e.g., Section 6F in IDuffie 2001 j) . For clarity, we define 
these processes explicitly. 
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Definition 2.4. A local state-price density ^ has the form 

& = M?/Sj®, ie[0,T], ^ = 1, 
where v € C 2 , W 1 - is a W-independent Brownian motion, and 

M? := exp f-fi S y ^dW^ - J v u dW^ [f4 v u + ^) d«l • 

If, in addition, E[M£] = 1, we call £ v a state-price density. 

The main property of local state-price densities is that both and £ t St are driftless under 

P. For v G £ 2 , is always a supermartingale with E[M£] < 1. However, for £ u to be a 
state-price density, we require v € C 2 to produce the martingale property of M v . 
We will need the minimal state-price density £ mm for which v := 0, i.e., 

(2.9) ^ min := ~if m (ndt + vsV^tdW t ) , £ min := 1- 



The corresponding minimal martingale measure Q mm is defined via the Radon-Nikodym 
derivative on Ft as (see, e.g., the survey IFollmer and Schweizer 2010]) 

dMr n := -Mr n VsV^tdW t , M mm := 1, := Mf m > 0. 

Since v is a Feller process and fis is a constant, we see that Novikov's condition is satisfied, 
which in turn ensures that M min is a martingale^ Therefore, £ min is indeed a state-price 
density and not just a local state-price density. Consequently, Girsanov's theorem ensures 
that 

dW® :=dW t + /JsV^tdt, :=0, 
is a Brownian motion under Q mm which is independent of {Z\ % Zj). 

Definition 2.5. The instantaneous market price of risk process for the Brownian motion W 
is defined to be psy/vt for t € [0, T] with fi$ defined by (|2.8|) . 

Since d(£., [±s\/v~)t = ^o~vO~£l^S\/vtdt, we see from Definition 12.51 that the instantaneous mar- 
ket price of risk process is countercyclical if, and only if, the income volatility is countercycli- 
cal, i.e., if, and only if, a v < 0. 

The following conjecture identifies the risky security by identifying the volatility process 
as appearing in price dynamics (|2.7p . 



More specifically, since Vt is non-centrally x -distributed Novikov's condition is satisfied on small intervals. 



We can then use a localization argument like Example 3 on p. 233 in Liptser and Shiryayev (2001) to obtain 



the global martingale property. We will use this observation multiple times in what follows. 



8 



Conjecture 2.6. The equilibrium price of the risky security has the representation (note 
that S T = 0) 



(2.10) 



St = n 



ft Ur * ds dU 



ut 



, te[0,T]. 



At a first glance, it may seem restrictive to take the single risky security to be an annuity. 
However, we can let the risky security be any security paying out dividends at rate St as long 
as the process 5 satisfies the following two properties O 



1. 5t is an Ito-process adapted to the filtration J 7 ^ := a(W u 

2. The following process is well-defined 



ue[0,t]- 



E 



Strsds 6udu 



, t£[0,T], 



and the (fiy-coefficient in these dynamics is non-zero on [0,T). 



The second requirement is related to endogenous dynamic market completeness. Duffie and Huang (1985) 



Anderson and Raimondo (2008) and Hugonnier, Malamud, and Trubowitz (2009) provide con 



ditions on the primitives of the economy under which an Arrow-Debreu equilibrium can be 
implemented by dynamic trading. In our setting, these conditions amount to ensuring that 
the cW-coefficient does not vanish in the above conditional expectation involving the - 
adapted dividends St- 

In the continuous-time securities market (S^°',S) with ast 7^ for t £ [0, T) (cf. Conjec- 
ture E3J), all European claims written on the risky security i.e., claims paying out g{Sx) at 
time T for some bounded payoff function g, are replicablejj Hence, the assumption of only 
a single traded risky security with J^-adapted dividends is not restrictive. The key incom- 
pleteness property is that the individual investor's income process Yi cannot be fully hedged 
due to the presence of Zj in the dynamics of Yi. Therefore, (S^°\ S) constitutes an incom- 
plete continuous-time securities market. Consequently, the standard method of describing 
the equilibrium by an representative agent cannot be applied. 



5 One advantage of choosing the annuity as the risky security is that its stochastic return is only affected 
by changes in the stochastic volatility v, and not by changes in aggregate income £ (recall that the aggregate 
income shocks are fully persistent). It is this property of the annuity which allows us to demonstrate that the 
equilibrium ast is non-zero on [0, T) . 

6 The same also holds if g is a bounded path functional of (Wt)te[Q.T] ■ 
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3 The individual investor's problem 

Investor i chooses trading strategies (0(°\0) as well as some consumption rate process c in 
excess of the income Y^. 6 t denotes the number of units held of the risky security in addition to 
the endowed portfolio of this asset (the endowed portfolio has dividends included in Yj). Since 
the money market account has endogenous dividends paid at time T, the dividends generated 
by the endowed portfolio 0$_ of this asset are not included in the investor's income process 5^. 
Therefore, 0^ denotes the total number of units held of the money market account at time 
t G [0, T]. Consequently, X®f := O^sf 1 + 0tSt denotes the investor's total financial wealth 
(in addition to income) with initial condition Xio := 0^_S^ = o\!q_- The self-financing 
condition becomes for t S [0, T] 

X°f = X l0 + f\^dS^+ f u {dS u + du)- f c u du 
Jo Jo Jo 

J r uX d i £du + j u vSu(vSy/v^du + dW^ - J c u du, 



(3.1) 

= Xio + 



since the risky security is an annuity paying a unit dividend stream. 

In order to ensure well-posedness of the individual investor's optimization problem we 
need to impose conditions which ensure that the measurable and adapted processes (0, c) are 
such that the wealth dynamics (13. lj) are well-defined. Moreover, in order to rule out arbitrage, 
we need additional constraints on the possible choices. First, the investor is required to leave 
no obligations behind after the finite horizon: 

(3.2) P(X^ C > 0) = 1. 

Naturally, investor i optimally chooses strategies (§i, q) such that X^ Cl = 0. We deem (0, c) 
admissible if additionally the process 

(3.3) tfX°f+ f Cc u du, te[0,T], 

Jo 

is a supermartingale for all state-price densities (see Definition I2.4p . In this case, we write 
(c, 0) G A. This supermartingale condition ensures that there are no arbitrage opportunities 
in the admissible set A. In order to verify this claim, we let r be a stopping time valued in 
[0, T]. Doob's optional sampling theorem produces 



E 



C T x e t ; c + f Ccudu 
Jo 



iO ■ 



By using this inequality with c := 0, we see that there are no arbitrage opportunities on [0, T] 
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in the admissible set A. 

Investor i maximizes time-additive expected utility stemming from consumption in addi- 
tion to the investor's income, i.e., investor i seeks (cj,#j) S A such that 



(3.4) 



sup E 

(c,6)eA 



Ui{c u + Y iu )du 



= E 


IL 







Ui{c iu + Y iu )du 



In Section 5 we show how to re-phrase (|3.4p in terms of heterogeneous beliefs and spanned 
income. This ultimately allows us to solve explicitly for the optimal consumption strategies 
Cj (see Theorem 15.11 below) , 



dci 



| Tin + (^ T ^i + \~^~' ~ KY i) Vt ~ W^dt + (rifis - ay^VvtdWt, 
while only providing the abstract existence of 6i via the martingale representation theorem. 



4 Equilibrium 

Before stating the following equilibrium definition (of the Radner-type), we recall that con- 
sumption a is measured in excess of the income rates Yi, and that the trading strategies 6i 
denote the units held of the risky security in addition to the investors' endowed portfolios of 
this asset. On the other hand, the trading strategies # 4 denote the total number of units held 
of the money market account. Since the money market account has endogenous dividends 
determined by the spot interest rates, this asset must be in zero net-supply in order to ensure 
that aggregate consumption is exogenous. Of course, this also implies that the endowments 
of the money market account must satisfy the clearing condition Yll=i ^io- = Si=i = 0. 

Definition 4.1. An equilibrium is a set of security price processes (S^°',S), characterized 
by (r,ns), and a set of investor strategies (ci,6i) E A such that given (r,ns), the processes 
(ci,8i) are optimal for investor i, i = 1,2..., I, and such that all markets clear, i.e., 

ill 
(4.1) X^ = ' IZ^ = ' IZ^ 0)=0 ' P ® Leb-a.e. 

i=l i=l i=l 

❖ 

In order to state our main equilibrium existence theorem, we need the following assumption 
on the exogenous model parameters. 
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Assumption 4.2. The parameters (k v ,<t v ,K£,o-£, (rj)f =1 , (/9Yj)f =1 ) are such that the follow- 
ing two restrictions hold: 

(4.2) - ^a v f > 2al±- ( V ^ + ± - k £ U 0. 



r E ' u r s V^-2r i 2r s 



The first restriction in (|4.2j) trivially holds if 
(4.3) - > 1 E 



rs r E 2r; 2r| ' 



When (|4.3p holds, the spot interest rate process rt defined by (|2.6|) is bounded from below by 
^s/te, i.e., r t is bounded from below by the constant part of risk-adjusted expected aggregate 
consumption growth per capita (recall we assume that the investors' time-preference rates are 



all equal to zero). Empirically, real interest rates can be negative and from Bloom (2009) the 
constant K£ is likely to be negative. Therefore, we will use the weaker condition (|4.2|) in the 
following analysis. On the other hand, in the empirically relevant setting in which (|4.3p fails, 
the spot interest rate process r t becomes unbounded from below and, consequently, zero- 
coupon bond prices may explode in finite time. Condition (|4.2p ensures finite zero-coupon 
bond prices for all maturities which is all we need to prove our main equilibrium existence 
theorem. 

The proof of the following main theorem shows that clearing in the good's market, i.e., 
X^i=i (%t = 0) ensures market clearing for both the risky security and the money market. 

Theorem 4.3. Under Assumptions \2. il and \4--S\ the security price processes (5(°>,5) char- 
acterized by r and fjL$ defined in (|2.6p and (|2,8p , respectively, with the resulting individually 
optimal strategies (ci,9i) S A, i = 1,2..., I, constitute an equilibrium for which Conjectures 
JM\2Jk andlEEhold. 



The following lemma shows that our equilibrium produces exponential-affine zero-coupon 
bond prices, and this property constitutes an important ingredient in the proof of Theorem 



31 We refer to the appendix in Kim and Omberg (1996) for a detailed description of Riccati 



equations, see, in particular, the discussion on normal Riccati solutions. 

Lemma 4.4. Under Assumption \4-%\ the following coupled system of ODEs with a(0) 
6(0) = and fors>0 



(4.4) b'(s) = b(s)( Kv - o~v) + ^{sYo-i + -1 ^^± + -JL- K£ 

TE 2 TE V 2 ^—f Tj 2te 



(4.5) a'(s) = ^ - 6(sK, 

TE 



i=l 

He 
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has unique non-exploding solutions satisfying b(s) ^ for s G (0, oo). Furthermore, for fig 
defined by (|2.8p . roe /icwe for t £ [0, J7] that the zero-coupon bond prices are given by 

(4.6) B{t,U) :=Ef min [e-ft Ur ° ds ] = exp ({>(£/ - - a(U - t)Y 

Depending on whether (j4.3h holds, the second restriction in (j4.2j) ensures that (14. 4p has 
a positive or negative solution 6(s) for s E [0, oo). In the empirically relevant setting in 
which (|4.3p fails, the solution to (|4.4|) is positive. Therefore, the zero-coupon bond prices are 
increasing in the volatility Vt , which is consistent with increasing incentives for precautionary 
savings when income risk increases (see, e.g., the discussion in IChristensen et al. 2011"]) . 
The proof of Theorem 14.31 shows that Conjecture 12.61 holds with the volatility coefficient 

(4.7) asf.= o vy /W t J T B(t,U)b{U - t)dU, t € [0, T) , 

which is non-zero on the interval [0, T) under Assumption 14. 21 The sign of as is determined 
by the sign of o~ v and the sign of the function b. In the empirically relevant setting in 
which the income volatility is countercyclical {a v < 0), and in which increasing income 
volatility reduces the expected aggregate income growth (ks < 0, implying that (|4.3p fails), 
the function b is positive. This implies that the volatility process (|4.7p is negative. Therefore, 
the instantaneous risk premium for the annuity, i.e., ost^Ss/^t/St, is also negative. 

Finally, we mention that Theorem 14.31 does not make any uniqueness statement regarding 
the equilibrium. In other words, we are not claiming that defined by (|2.5p and 5 defined 
by (|2.7p is the only equilibrium possible in our pure exchange economy. 

4.1 Equilibrium impacts due to incompleteness 

In this section we analytically show how the incomplete market equilibrium established in 
Theorem 14.31 can be used to simultaneously explain the risk-free interest rate puzzle and the 
equity premium puzzle. We compare the equilibrium characterized in Theorem 14.31 to the 
equilibrium in an otherwise identical complete market economy in which all risks are spanned. 

In the complete market economy, there exists a representative agent, and the equilibrium 
is characterized by the representative agent's first-order condition. The representative agent 
is modeled by the utility function 

I 

U Tep (x;^) := sup 'Y^%U i (x i ), 7 £ x G R, 

Ei=i x i= x i=i 

where 7 is a Negishi-weight vector. Since each investor is modeled by a negative exponential 
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utility function, the representative agent's utility function becomes (see, e.g., Section 5.26 in 
|Huang and Litzenberger 1988 ) 



i 



This expression shows that the weight 7 does not matter for the representative agent's prefer- 
ences (Gorman aggregation). The first-order condition for the representative agent produces 
the proportionality requirement 

(4.8) (T^octf* te[0,T], 

where the aggregate income process St is defined by (|2.3p . and £[ cp is the unique state-price 
density in the representative agent setting. By computing the dynamics of both sides of (|4. 8|) 
and matching the coefficients we find the spot interest rate based on the representative agent 
economy to be 

(4.9) rT*:= -^S + -U e - ^{XX + CT i)H ^ ^ 

rs rs V 2rs L > ' 

Since rs := J2i=i r i> we have that rs > Tj for all i, which produces the key inequality 



2 

t< rs " 

J = l 4 = 1 



In an economy with unspanned idiosyncratic risks Zi , this inequality combined with Theorem 
3] produces the interest rate reduction 



2rs \ t— ^ n r E f 

\i=i i=i 



«t>0, 



which is an analogue of the result presented in Christensen et al. (2011) (compare to their 
equation (30)) although the interest rate reduction in our model is stochastic due to the 
common stochastic income volatility v. 

Similarly, from the dynamics of (|4.8p we find that the instantaneous market price of risk 
process based on the representative agent is identical to the market price of risk process 
derived in Theorem 14.31 namely fJ-sy/vt = ^-y/vt- This is also an analogue of the result 
presented in Christensen et al. (2011) (compare to their equation (27)). This equilibrium 
implication is not limited to our particular income model (|2.1|) - (|2.2p . Theorem 14.61 below 
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shows that this result holds true in any model based on exponential investors and continuous 
income rates based on Ito-processes driven by Brownian motions. 

We will next establish that unspanned income risk with stochastic volatility can affect 
the risk premium measured over finite time- intervals, even though there is no impact on 
the instantaneous market price of risk process as demonstrated above. Our motivation is 
that empirical studies of asset pricing properties, such as the risk-free rate and the equity 
premium puzzles, necessarily must measure returns, spot interest rates, and risk premia 
over finite time-intervals, where the length U > of the time-intervals is determined by 
the sampling frequency. In order to precisely quantify risk premia measured over [0, U], we 
need to introduce the minimal forward measure Q u . Since the equilibrium spot interest rate 
derived in Theorem 14.31 is stochastic, the minimal martingale measure Q mm and the minimal 
forward measure Q u differ. The probability measure Q u is defined by the Radon-Nikodym 
derivative on T\j as 

dQ u ex P ( - So r ^ du ) 

-, Ue(0,T]. 



dQ min B(0,U) 

Lemma [4.4l provides an explicit representation for equilibrium zero-coupon bond prices B(t, U). 
Based on this lemma, Girsanov's theorem ensures that 



dW? := dW^ m ~ b(U - t)a v y/v~ t dt = dW t +[^ s - b{U - t)a v ^T t dt 



is a Q^-Brownian motion, where the deterministic function b is defined by the Riccati equation 
(14.41) . We can then make the following definition. 

Definition 4.5. Under Assumption 14.21 The discrete market price of risk process measured 
over the finite time-interval [0, U], U G (0, T], is defined by l^s ls (t)y/vt, where 

l4*(t) := us ~ b(U - t)a v = ^-b(U- t)a v , t £ [0, U\. 

Our reasoning behind Definition 14.51 is the following. Let ax G £ 2 be a bounded process and 
consider a traded security with price process (use the wealth dynamics f)3. 1 1) with c := 0) 



T,mm 



dX t := r t X t dt + axtdW^ , t G [0, T], Xq G R. 

The main characterizing property of Q u is that all prices of traded securities denominated 
in terms of the price of the zero-coupon bond maturing at time U have no drift under Q^. 
Since ax is bounded, we therefore have 



Xn <rW 



B(0, U) VB(U,U) 



Xu 



E Q [X v ], 
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where the last equality follows from B(U,U) = 1. This identity implies that the expected 
return over the interval [0, U] under the minimal forward measure Q u is equal to the zero- 
coupon rate for this interval, i.e., 



(4.12) E ( 



r 



Xy — X 
X 



1 - B(0,U) 
B(0,U) 



In other words, the process n^fyy/vt is the drift-correction in the W-dynamics needed to 
produce the riskless return as the expected return under of X over the interval [0, U]. 

We focus on the discrete market price of risk process, since the W-drift correction fig(t)y/vt 
is universal across all traded securities. Alternatively, we could consider the risk premium 
over the interval [0, U] for a security with the price process Xf. This premium is defined by 
the difference 



E 



Xjj - X 



Xn 



where the equality follows from (|4.12p . The Radon-Nikodym derivative is completely 
determined by the discrete market price of risk process fi^ityy/vt via 

Mf, dMf := -Mf^f (t)^TtdW t , t€[0,U], M^:=l. 



dF 

From this we see that the impact on the risk premium over the interval [0, U] due to market 
incompleteness depends on the security. In other words, unlike the discrete market price 
of risk process, the significance of the impact on the risk premium over [0, U] depends on 
the security's volatility process ax- Moreover, contrary to when returns and risk premia 
are measured instantaneously, normalizing the risk premium over the interval [0, U] by the 
standard deviation of the security's return -^-y/VarpQy] to produce the discrete "Sharpe 
ratio" does not remove the dependence on the security's volatility process ax- 

Similarly to the probability measures Q min and Q u , we can introduce Q™Jf and Q^, p 
corresponding to the representative agent based on the spot interest rate r^ cp defined by 
T9l) . This interest rate r[ ep produces the zero-cupon bond prices for < t < U < T: 



(4.13) B rcp (t, U) := E^'V^^I = exp (b rcp (U - t)v t - a Tcp (U - t) 
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where a rcp and 6 rep are defined by a rcp (0) = 6 rep (0) = and for t G [0, T] 

1 11^ cP' 

Kc P (t) = b Tep (t)(K v - fJ, S CT v ) + -b mp (t) 2 al + — (— + - Kg), 

8=1 

a rep( S ) = — - &rcp(s)/^. 

By using the inequality (|4.10p , we see that Assumption 14.21 ensures that the Riccati equation 
describing 6 rep has a unique non-exploding solution on [0,oo). Therefore, for U G (0, T], the 
process 

dwf cp := dWf min - b Tcp (U - t)a v ^T t dt = dW t + (jx s ~ b rcp {U - t)a^j jvtft, 

is a Brownian motion under the representative agent's minimal forward measure Q^ cp - The 
discrete market price of risk process measured over [0, U] corresponding to the representative 
agent is defined similarly to Definition 14.51 as /j,<^' Tep (t)^/vt where 

dis.rep^ ._ ^ s _ b nj _ t ^ av _ ^£ _ b (p - t)a v , t G [0, U]. 

By comparing the coefficients for the two Riccati equations describing b and b Tcp and using 
the inequality (|4.10p . we see that b Tep (t) < b(t) for all t G [0,T). Consequently, provided that 
a v ^ as in the second part of Assumption 12.11 we obtain an impact on the equilibrium 
discrete market price of risk process measured over [0, U\. In particular, if the stochastic 
income volatility is countercyclical (a v < 0), the equilibrium discrete market price of risk 
process measured over finite time-intervals is higher than in an otherwise identical complete 
market. 

Similarly to the derivation of as in (|4.7|) presented in the proof of Theorem 14.31 we can 
show that the annuity's volatility coefficient in the representative agent setting is 

4? := <?vV^t J B rcp (t, U)b vcp {U - t)dU, t G [0,T]. 

In the empirically relevant setting in which a v < and Kg < 0, we have < b vep (t) < b{t) 
and, hence, also a(t) < a rcp (t), for all t G [0, T). It therefore follows from (|4.6[) and (|4.13p 
that B Tcp (t, U) < B(t, U) which produces the inequality 

<rst<os?<0, te[o,T). 

In other words, the drift-correction & r st ^s^ ^i^Vvt in the 5-dynamics needed to produce 
the riskless return as the expected return of the annuity over the interval [0, U] in the complete 
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market setting is larger (less negative) than in the incomplete market setting. 

This section has explicitly illustrated the equilibrium impacts due to market incomplete- 
ness, which we summarize as follows: 

1. The equilibrium spot interest rate is impacted negatively. 

2. The equilibrium instantaneous market price of risk process is unaffected. Theorem 14.61 
below shows that this feature carries over to any model based on exponential utility 
investors and continuous income processes driven by Brownian motions. 

3. The equilibrium discrete market price of risk process measured over a finite interval 
[0, U] is impacted, and the sign of the impact depends on the sign of a v . 

4. The equilibrium volatility coefficient of the risky security is impacted, and the sign of 
the impact depends on the sign of a v . 

4.2 Numerical illustrations 

This section serves to illustrate that the impact on the equilibrium interest rate and the 
discrete market price of risk stemming from investors receiving partially unspanned income 
with stochastic volatility can be significant. The numerical values reported in this section 
only serve to illustrate the potential impact. 

The impact on the interest rate and on the discrete market price of risk is determined by 

dun}: 

r E . =1 r t r E . =1 r s . =1 r 4 

We consider first a homogeneous investor setting in which all investors have the same risk 
tolerance Tj := r as well as the same unspanned income risk parameter fiy i := fly , i = 1, 
In this setting, ty, = It, and we find that 

A /3 = 72( 1 -j)^t^/5y, 

as / — > oo. For given parameter values, Table [T] shows the impact of unspanned income risk 
with countercyclical stochastic volatility on the interest rate [column 2] and on the discrete 
market price of risk measured over [0, U] with initial condition vq := 1 [column 3]. 

Secondly, we consider a heterogeneous investors setting in which we can split the popula- 
tion into two homogenous groups A and B with characteristics (ta, Py a ) and (tb,Py b )- The 
weight w denotes group ^4's proportion of the overall population. Table [5] reports the increase 
in the discrete market price of risk measured over [0, U], i.e., fJ-g ls (0) — /x^ ls,lcp (0), for various 
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T ^ a V „ ,,dis(r\\ ,, ul!s ' L{i i J i , n\ 

1 r - r fi s (0) - fi s (0) 



2 


0.0400 


0.0094 


5 


0.0640 


0.0151 


10 


0.0720 


0.0169 


100 


0.0792 


0.0186 


1000 


0.0799 


0.0188 


oo 


0.0800 


0.0188 



Table 1 : Equilibrium effects of increasing the number of investors / for the volatility param- 
eters vq := 1, ^ v '■= 0.05, k v := —0.7, and a v := —0.3. The investor parameters are Tj := ^, 
/3y. := 0.2, Ky. := 0, and <7y := 0.3 for all i. The horizon is U := 1. 

combinations of risk tolerance parameters and population distributions in the limiting model 
(/ —?• oo). We see that the impact on the discrete market price of risk is highest when the 
less risk tolerant investors face the largest unspanned income risk. 







(ta,tb) 




w 


^2' 2> 


^ 2 ' 3 / 


(M) 


(i.i) 


1.00 


0.0047 


0.0047 


0.0111 


0.0111 


0.75 


0.0223 


0.0349 


0.0332 


0.0528 


0.50 


0.0400 


0.0720 


0.0504 


0.0946 


0.25 


0.0577 


0.1186 


0.0642 


0.1367 


0.00 


0.0755 


0.1789 


0.0755 


0.1789 



Table 2: Increase in the discrete market price of risk ^$(0) — fJ-s S ' v ° P (0) in the limiting case 
(I — > oo) for various weights w and various risk tolerance parameters (ta,tb)- The numbers 
are based on /3y A := 0.1, /?y B := 0.4, whereas the remaining exogenous parameters are as in 
Table HJ 



4.3 No impact on the instantaneous market price of risk process 

In this section we show that the instantaneous market price of risk process based on the 
representative agent is always identical to the equilibrium instantaneous market price of risk 
process in a setting based on exponential investors and continuous income processes governed 
by Brownian motions. We consider the following model for t € [0, T]: 

dsf := nS^dt, 5f := 1, 
dS t + 5 t dt := (r t St + X'Mdt + a' st dB t , S G R, 
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for some (6,r) £ C 1 , (o~' s ,\') € C 2 , a' s ^ and a Brownian motion B. In the following 
theorem we refer to Definition 12.41 for the notion of a local state-price density 

Theorem 4.6. For t £ [0, T] we consider the income dynamics 

dY> t = n' Yit dt + <r' Yit dB t + P Yit dB^, y/ G R. 

Here B^~, Bj~ denote possible dependent one- dimensional Brownian motions independent 
of B, fj, Y . G -C 1 , and (o"y.,/3y.) G £ 2 . Assume that (|4.14p constitutes an equilibrium in which 
each investor's optimal consumption process &u satisfies the following first- order condition 

(4.15) [^(gft + Y( t ) cx 4, ie[0,T], i = l,...,J, 

where £j is an investor- specific local state-price density. Then the equilibrium instantaneous 
market price of risk process A' satisfies \' t = ^ £3i=i Cy^- 

In the setting of this theorem, let £[ := 5Zi=i ^it denote the aggregate endowment. By 

computing the dynamics of the representative agent's state-price density (proportional to 
-—£' 

e T s *), we see that the instantaneous market price of risk process based on the representative 
agent agrees with A' stated in Theorem 14.61 In other words, Theorem 14.61 shows that any 
model based on exponential utility investors and continuous income processes governed by 
Brownian motions produces the same instantaneous market price of risk process as suggested 
by the standard representative agent model. 

There is no loss of generality in assuming the above form for (y/)[ =1 and S. Indeed, 
by assuming that an equilibrium risky security price S exists, we can use Levy's charac- 
terization for Brownian motion as well as the martingale representation theorem for Tt '■= 
cr(W u , Z u i, Z u i) uG [qj] to write the martingale component of dS as o' st dB t for some Brow- 
nian motion B and some process o~' s £ C 2 . Subsequently, we can decompose the martingale 
part of Y- into its projection onto B and some residual orthogonal martingale component 
(possibly depending on i) which produces the above form for dY[ for i = 1, I. 

Finally, we discuss the first-order condition (|4.15p . In the case of utility functions de- 



fined on the positive semi-axis, Cvitanic, Schachermayer, and Wang (2001) show that the 



introduction of unspanned endowments may require finite additive measures in the dual 
space, in which case (|4.15|) makes no sense. However, Owen and Zitkovic (2009) show that 



for utility functions defined over M — such as our setting — the dual optimizer is always a 



(countable additive) measure and (|4.15|) holds. Both papers Cvitanic et al. (2001) and 



Owen and Zitkovic (2009) consider the case of expected utility of terminal wealth only and 



instead of re-proving Owen and Zitkovic (2009) to fit our case of continuous consumption, 



we have opted for assuming (|4.15p upfront. 
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5 Heterogeneous beliefs 



This section contains the key ingredient required to prove our main Theorem 14.31 We in- 
troduce a technique which allows us to partially solve the individual investor's consumption- 
portfolio problem (|3.4p . Because the interest rate rt is stochastic, the PDE produced by the 



HJB-approach does not have the usual exponential affine solution that Henderson (2005) and 



Christensen et al. (2011) rely on. Inspired by Cuoco and He (1994) , we instead convert the 



optimization problem into an equivalent problem with spanned income but heterogeneous 
beliefs (see also Section 5 in lChristensen et al. 2011]) . We define the IP-equivalent probability 
measures Pj, i = via the Radon-Nikodym derivative ^& := niT > on Ft, where 



-Kit := exp 



Ti 



IP 2 



2 T? 



v u du 



t€[0,T\. 



By Novikov's condition and Girsanov's theorem, we know that under each Pj, i = 1, the 
processes W and Zu + Jq ^/v^du are independent Brownian motions. We will need the 
processes Yi defined by Yio := l^o and 



(5.1) 



dY it := [i Yi dt + [K Yi 



2 n 



v t dt + a Yi y/vtdW t , 



for t £ [0, T]. By using the processes (iri,Y), we can re-write the objective in (|3.4[) as 



E 



T 



Ui (c u + Y iu ) du 



E 
E : 



Ui [c u + Y iu j du 

T 

Ui (c u + Y iu ) du 



o 



where the last equality follows from the martingale property of 7Tj and iterated conditional 
expectations. Problem (|3.4|) can then be re-stated as 



(5.2) 



sup E f 

(c,6)eA 



Ui[c u + Y iu ) du 



which can be seen as a complete market consumption-portfolio optimization problem with 
the spanned income rate process Yi and heterogeneous beliefs Pj. As detailed in the proof 
section, the following result follows from a variation of the martingale method for complete 
markets. 



Theorem 5.1. Under Assumption \4-S\ and under the assumption that Conjectures \2.2\ \2. 
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and \2.6\ hold, there exists a unique constant a,- L > such that 



(5.3) 



E 



X. 



id ■ 



where 



(5.4) 



cm ■-- 



-Tjlog {TiOLi) -Fj , 



and the consumption process has the dynamics 

1/3 2 



(5.5) 



dci. 



1 1 P 



Furthermore, there exists an investment strategy 9i such that the pair (&i,6i) 6 A is optimal 
for investor i, i = 1, I. 

The proof of this result produces the optimal investment strategy Oi using the martingale 
representation theorem (see equation (|A.5|) ) via the relation 



(5.6) 



E^ 



ut 



t€ [0,T]. 



However, a tractable expression for the optimal investment strategy 6i is not available because 
the interest rate rt is stochastic. Fortunately, our equilibrium approach only requires the 
abstract existence of Q{. The proof of Theorem 15.11 shows that the optimal strategies (9i,£i) 
are such that the process (13. 3p is a martingale for all state-price densities £ v . 

Finally, let us find the individual investors' optimal state-price densities. From the proof 
of Theorem 15.11 (see equation (|A.10|) ) we get the relation 

Uliciu + Y iu ) = ir it Ul{c iu + Y iu ) = aiir it £f n , 



where the Lagrange multiplier aj is defined by f)5.3[) . Therefore, investor i's state-price 
density is := VTj^f 1111 , which implies that the ratios between the investors' marginals are 
non-constant. By the second welfare theorem, we therefore do not expect Pareto efficiency 
of the equilibrium allocations, and this was indeed confirmed in Section 4.1. 



5.1 Adjusted aggregate endowment 

In order to put our equilibrium into a different perspective, let us re-consider the heterogenous 
beliefs formulation (|5.2p . It follows from Bayes' rule that W remains a Brownian motion under 
each Pj. Because the adjusted income processes {Yi)l=i defined by f)5. 1[) as well as the wealth 
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dynamics dX®' c — including r t — are driven solely by W , we have 



E 



Ui[c u + Y iu ) du 



j du 


= E Pl 


[I 









Ui[c u + Y iu I du 



for i = l, 2..., / and (9, c) G A. Hence, if we define £~t := X^£=i with t ne dynamics 

1 7 /? 2 . 

(i£ t := y/v~ t a £ dW t + (k £ - - ^ —)v t dt + u £ dt, 



as the economy's "aggregate endowment" rate, we can reduce the search for an equilibrium 
to a complete market equilibrium with aggregate endowment £f hi other words, by replacing 
(|4.8p with the following adjusted first-order condition in the representative agent's problem 

e^ocCr, *€ [0,1*1, 



(5.7) 



we recover the correct incomplete securities markets equilibrium derived in Theorem W. 



6 Model variations 

The model used for the income processes (|2. l|) - f)2.2[) is chosen for its mathematical simplicity. 
In this section, we briefly point to a number of variations of the model, some of which are 
needed in order for the model to produce realistic equilibrium predictions. First of all, it is 
straightforward to replace the constants (fj, v , K v ,a v ,[iy i , Ky^ay^ /3yJ, i = 1,2, describing 
the income dynamics with suitable deterministic functions of time. Such variations of the 
model are naturally required for model calibration to market data, however, the analysis is 
completely similar. 



6.1 Gaussian models 

We can modify our setting to produce an equilibrium in which the absolute income volatility 
process follows a Gaussian process. This is inspired by Stein and Stein's stochastic volatility 



model Stein and Stein (1991) where the relative volatility process is the Gaussian process 



dv t := (n v + K. v v t )dt + a v dW t , t £ [0,T], v > 0, 
for {jji v , K v ,a v ) G IR. Instead of the income dynamics (|2.2p . we consider 

dY it := (/x r . + K Yi v t )dt + vt (a Yi dW t + f3y t dZ it ^ , t G [0, T] , Y i0 G R. 
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In this setting, the equilibrium interest rate as well as the equilibrium instantaneous market 
price of risk processes will be affine functions of v, i.e., Gaussian processes. The resulting 
interest rate is Vasicek's famous term structure model, whereas this type of instantaneous 



market price of risk process was originally used in Kim and Omberg (1996) Gaussian based 
instantaneous market price of risk models have been widely used in the finance literature 
(see, e.g.,|WadrtgxJQQ2j [Munk and S0rensen 2004 | and IBenth and Karlsen 2005|) . 

6.2 Terminal consumption 

Instead of running consumption, we can consider terminal consumption only. As we shall see 
in the next result, we need to allow fig in (|2.7p to be a continuous function on [0, T\. In this 
setting, the optimization problem (|3.4p is replaced by 



(6.1) sup E Ui(X? T + Yi T ) =E Ui(X% + Y<r) 

G _4tcrm L J L 

The wealth process Xf is defined by setting c := in (|3.ip . i.e., 

dXf t := r t Xf t dt + O t *st (ns(t)V^tdt + dW t ) , Xf = X l0 G R. 

We define the admissible strategies A term to be those measurable and adapted processes 9 for 
which Xf is well-defined and X 9 ^ u is a supermartingale for all state-price densities £ u . The 
analogue of Theorem 14.31 is the following result. 

Theorem 6.1. Under Assumptions \2. 1\ and \4-2\ there exists an equilibrium for which Conjec- 
tures \2.2}\2.3\ and \2. (A hold with rt '■= in (|2,5p and fx$ in (|2.7p replaced by the deterministic 
function 

(6.2) t^s(t):= — -b(T-t)a v , t € [0,T\, 
where b is defined by the Riccati equation (j4.4j) . 

In this setting of consumption at time T only, the interest rate cannot be determined in 
equilibrium, and we choose rt '■= for simplicity. Consequently, the minimum martingale 
measure Q min and the minimum forward measure are identical, and the instantaneous 
market price of risk process is identical to the discrete market price of risk process measured 
over finite time-intervals [0, U], U € [0, T]. 

Contrary to Theorem 14. 61 the setting of terminal consumption only produces an impact on 
the instantaneous market price of risk process due to income incompleteness. In order to see 
this, we proceed as in Section 4.1 except that the first-order-condition (|4.8p is only required to 
hold at t = T. To compute the instantaneous market price of risk process corresponding to the 



24 



representative agent, we need the dynamics of the martingale £j Cp := E t [e T s T ]/E[e t e T ] 
for t £ [0, T]. Similarly to the proof of Lemma 14.41 we have 

(6.3) < CP = - brc P (T - t)a v \dW t + - V dZ it ) , 

where 6 rep is defined in Section 4.1. By comparing (|6.2p and the dVF-coefficient in (|6.3p we 
see from Section 4.1 that the incompleteness impact on the instantaneous market price of 
risk process in the case of only terminal consumption at time T is identical to the impact 
on the discrete market price of risk process measured over the interval [0, T] in the case of 
continuous consumption. 

Because the equilibrium interest rate is zero, the investors value functions will be of the 
exponential-affine form. Consequently, the investors' optimal trading strategies On can be 
computed explicitly using HJB-techniques. 

In conclusion, this section shows that it is not the difference between the minimal mar- 
tingale and forward measures due to equilibrium stochastic interest rates which produces the 
impact of unspanned income on the discrete market price of risk process. Instead, the key 
observation is that the impact of stochastic unspanned income volatility must be integrated 
over a time interval in order to produce an effect on the market price of risk process such as 
returns measured over finite time-intervals (Section 4.1) or consumption only taking place at 
discrete points in time. 

Appendix: Proofs 

We start by proving Lemma 14.41 since this result is used in the later proofs. Then we state 
and prove a result which is used in the proof of Theorem 15.11 for individual optimality, 
given Conjectures 12.21 12.31 and 12.61 about the spot interest rate and the risky security price 
processes. We then prove Theorem 14.31 stating that the conjectured spot interest rate and 
the risky security price processes indeed clear all markets. The proof of Theorem 16.11 is 
similar to the proof of Theorem 14.31 and we will only outline the few differences. Finally, we 
prove Theorem 14.61 stating that there is no impact of incompleteness on the instantaneous 
market price of risk process in settings based on exponential investors and continuous income 
processes governed by Brownian motions. 

Proof of Lemma \4-4\ The discriminant corresponding to the Riccati equation (|4.4p is defined 
as 

Ts rs V rr' 2n 2te / 
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Under Assumption 14.21 Q 1S positive. The appendix in Kim and Omberg (1996) on normal 
Riccati equations ensures that (|4.4p has a non-exploding unique normal solution b with b(s) 7^ 
for s £ (0,oo). 

In order to calculate the zero-coupon bond prices, we need the dynamics of the volatility 
process v defined by (|2.ip under the minimal martingale measure Q inin : 



(A.4) dv t = ( n v + (k v - ns<r v )vt ) dt + a v ^/v~ t dW l 



■jmin 



Therefore, vt is also a Feller process under the minimal measure Q min . By Ito's lemma we 
see that the process N t := exp (b(U — t)vt — a(U — t)) / is a local martingale under Q min 
which has the dynamics 

dN t = N t b(U - t)a v ^T t dWr n , N v = . 

Since vt has a non-central ^-distribution and b is a bounded continuous function, Novikov's 



condition is satisfied locally on [0, U\. We can then use the argument on p. 233 in Liptser and Shiryayev (2001) 



to see that A^ is a martingale on [0, C7] . This martingale property and the terminal condition 
Njj = l/S^ ] show that B(t, U) = N t for t £ [0, U] and the claim follows. 



In the later proofs we will need the following result, where the main complication is 
that v can depend on both W and W 1 - and, hence, the random variable v u dW^ is not 
independent of := o-(W u ) ue \o j t]- 

Lemma A. 2. Under the assumptions of Theorem \ 5.1[ Let = M^/S^ be a state-price 
density as in Definition \2.4\ Then for 0<s<t<Twe have 

E[M? I T a V Jf\ = M"--j—, F-a.s., 
where £ t J nm = M™ m /S^ is the minimal state-price density. 

Proof. By the definition of a state-price density we can find a VF-independent Brownian 
motion as well as v £ C? such that 

dM v u = -M v u (iisV^dW u + v u dw£) , M£ = 1, 

is a martingale. We define the corresponding P-equivalent probability measure Q u by := 
on Ft- Q mm denotes the minimal martingale measure under which W$ := W v + 
Us Jq y/v^du is a Brownian motion. By Girsanov's theorem, Vl^™ is also a Q^-Brownian 
motion. 
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For a set A t G the martingale representation theorem produces an T -adapted 
process / £ C 2 such that 

g v := E^' n [l At | = E^ iD [l At ] + f / a ^f", « G [0, t]. 



Since lyi t is bounded, the process is a bounded Q mm -martingale. Furthermore, since W^™™ 
is also a Q"-Brownian motion, g„ is a local Q^-martingale. However, by <7„'s boundedness 
property, g v is actually a Q^-martingale. 

To conclude the proof, we let A s S JF S be arbitrary. Then we have 



E[M?l At l As ] = E[U E[M t "<ft I J- s ] ] 

= E[l As E^[ 5t |J- s ]Mr] 



E 



1 E[Mr n uij- s ] 

s M min 



E 



The first equality follows from iterated expectations and the J-" s -measurability of A s . The sec- 
ond equality is Bayes' rule for conditional expectations. The third equality is g's martingale 
property under Q u . The fourth equality is again Bayes' rule, whereas the last equality is pro- 
duced by the J^-measurability of A s , , MJ 111 " and iterated expectations. The arbitrariness 

Txr ttt ^"min 

of At € ,A S £ J- s and the T s V -measurability of AI t inin conclude the proof. 



Proof of Theorem \5.1[ Let Cj be defined as in the theorem's statement. Our first task is to 
show that the following process is well-defined (we note that JQt = 0) 



(A.5) 



1: 



, t£[0,T}. 



Under Assumption 14. 2\ we can find a constant p > 1 such that 
(A.6) 



1=1 



We then consider the coupled system of ODEs for s G (0, oo) 

~b'(s) = b(s)(K v - ^a v ) + \l{sfal + ^ ( £ ^ + ~ «* 



6(0) = 0, 



i=l 



a'(s) = p— — b(s)fi v , a(0) = 0. 
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The restriction (|A.6p ensures a positive discriminant corresponding to b's ODE. Therefore, 



the appendix in Kim and Omberg (1996) on normal solutions ensures that b and, hence, also 



a, is a continuous function on [0,oo). Arguing as in the proof of Lemma 14.41 we find 



E 



-Pit r 's ds 



j,(u-t)v t -~a(u-t) ^ Q< t <u<T. 



To verify that ()A.5P indeed is well-defined, we can use Tonelli's theorem to write 



E' : - 



e J * 



By Holder's inequality it therefore suffices to show that the expectations 



(A.7) 



-P It T s ds 



and E 5 ' 



\Ciu\P- 1 



are bounded uniformly in u G [i, T]. We start with the first term. If (14, 3h holds, rt defined 
by (|2.6p is bounded from below, and the claim follows since p > 1. On the other hand, if 
T3|) fails, we get the inequality for u £ [t,T] 



J>{u)v -a(u) 



-p£r 3 ds 



E^ 



Pit 



e yj t 



Since both a and b are continuous functions on [0, T] and, hence, bounded, we obtain 



E^ 



-pf™r s ds 



< e P ^ 1 max e i{s)v °- a{s) < oo, u £ [t,T]. 
se[o,T] 



We will next provide a uniform bound (in u € [0, T]) of the second term in (|A.7[) . In the 
following argument C\,C2,-» denote various irrelevant positive constants. Since vt > 0, we 
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have the following chain of inequalities 



E :i 



P 

Ir ■ p— i 









<C 1 + C 2 E^ in 


(Io vsds Y~\ 


+ C 3 E ( min 









:dwT ix 



p-i 



< d + C 2 u— 



< Ci + C 2 T^ 



< Ci + C 2 T^ 



e ,: - 



,p-i 



(is + C 4 E«"' 
ds + C 4 ( T^i 



1> edS 



Vcds 



E 11 



1 p 

2 (p-1) 



(P-I) 



wr 1 



ds 



The first inequality follows from the definition of c%. The second inequality uses Jensen's 
inequality (recall p > 1) and Tonelli's theorem on the ds-integral, whereas the estimate of the 
dW® mm -integral follows from the Burkholder-Davis-Gundy inequality (see, e.g., Theorem 3.28 
on p. 166 in Karatzas and Shreve (1998a) ). The third inequality first uses u <T and Jensen's 
inequality on the second ds-integral. The last estimate is similar. The dynamics (]A.4p for v 
ensure that v s is non-central x 2 -distributed under Q min and, hence, the ds-integrals are finite. 
All in all, we have shown that when Assumption (14. 2D holds, the process (|A.5j) is well-defined 
and finite. 

We next establish the existence of a, > satisfying (|5.3|) . The requirement (|5.3|) becomes 



(Ai 



X i0 = S c i0 + E { 



■farads 



dcjc du 



Inserting the definition of Qo from (|5.4p into (|A.8P produces an equation uniquely character- 
izing the Lagrange multiplier a, 6 (0,oo). 

We now turn to the admissibility requirement. Using the relation between Q min and £ min 
and Xit's definition produce for t G [0, T] 



s. 



(o) 



+ 



o S'u 



(o) au - 



o Sl 0) 



o 



du 



du 



+ f hudWT 
Jo 

X l0 + f -^e iu a Su dWr in ■ 
Jo S u 
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The integrand € C 2 appearing in the second equality comes from the martingale rep- 
resentation theorem for JF^r := 0"(W u ) ug [of] after noticing that all involved quantities are 
J-^-adapted. The last equality follows from (|5.3p and by defining 



q(0)f 

>->u J iu 



u€ [0,T), 



which is possible since we are assuming that Conjecture 12.31 holds. All in all, this shows that 
Xit has the form (|3.1|) and that 



er in x it + / c^udu, te[o,T]. 



(A.9) 



is a P-martingale. We will next show the supermartingale requirement (|3.3p by proving the 
stronger martingale property. By the definition of a state-price density we can find a 
martingale M v such that $ = M?/sj: \ We then get for < s < t < T 



E 



Jo 



Cq>it du 



E 



E 



MZfa/sjp+J ciu/SM du 



E 



Mr 



w 



Ml 



Ml 



M^[X it /S? ) + 



/S^ + f c lu /S^ du) 



JS^du 



F, 



C x is + / iuhu du. 
Jo 



The first equality follows from £ v = M v / and the martingale property of M v . The sec- 
ond equality follows from iterated expectations and the -measurability of Xu, ((ku)ue[o,t] 
and (Su )ue[0,t]- The third equality uses Lemma [A. 21 whereas the last equality is £f in = 
j^-mnyc^(o) com kj nec i w ith the already established martingale property of ()A.9p . This shows 
(9i,Ci) £ A. 

Finally, we will verify the optimality of (6i,Ci) for problem (|5.2p and, hence, also for 
problem (|3.4p . For the case of positive wealth processes the standard argument can be 



found in Section 3.6 in Karatzas and Shreve (1998b) In the following, V denotes the convex 



conjugate of U (see Section 3.4 in lKaratzas and Shreve 1998bp . By Fenchel's inequality, we 
have 



U{c u + Y iu )< V(ai C in ) + on C in (cu + Y iu ), uG [0, T] . 



Integrating with respect to du and adding the positive random variable a% ^ m X^ , see (|3.2p . 
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give us 



£ U(c u + Y lu )du < £ {v( ai C in ) + ^ C in (cu + %u) }du + a, £? in X^. 

Since Tr^f 1111 is a state-price density and the subjective probability measure Pj is denned by 
^ := iriT, we can use the supermartingale property (|3.3p to obtain the inequality 



E 



U(c u + Y iu )du 



Uo 



< E 
= E f 
= E ff 



y(a 4 C in ) + ^C in n4^ 



+ a;E ff 



Jo 



The first equality follows from the established martingale property, whereas the last equality 
follows from the first-order condition 



(A.10) 



and the relation between U and V stated in Lemma 4.3(i) in Karatzas and Shreve (1998b) In 



order to verify that (jA.lOp holds, we use (|5,4p to see that (|A.10p holds for u = 0. Furthermore, 
by using (|5.5|) we see that the dynamics of both sides of (|A.10p are identical and, hence, (|A.10p 
holds for all u £ [0,T]. 



Proof of Theorem\4^\ We define by and S by (|230j) . The already proven Lemma 
produces the zero-coupon bond dynamics 



dB(t, U) = B(t, U)[r t dt + b(U - t)a v ^T t dW^ 



We can then use Tonelli's theorem to re-write (|2,10p as follows 



T 



- I Ef min [e-f? radB ]dU= I B(t,U)dU, t€[0,T}. 



Leibnitz' rule for stochastic integrals produces the dynamics 



T 



dS t = -B(t, t)dt + r t / B(t, U)dUdt + a v ^T t / B(t, U)b(U - t)dU dW\ 



T 



-dt + r t S t dt + a v ^¥ t J B(t, U)b(U - t)dU dW? 
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Therefore, Conjecture 12.31 holds with the volatility coefficient (|4,7p . 

We now establish clearing in the goods market. By summing up the expressions for ddu, 
we find dX^=i &it = 0) see (|2.6p - (|2.8p for the definitions of r t and fig- Since Ym=i ^-io = 0, 
we see from (|A.8|) that Y2i=i ^io = an d, hence, the goods market clears. 

To see that the risky security market also clears, we sum over i = 1, in ()5.6[) to see 
Y^i=i X®" Cl = 0. By dividing both sides in this relation by S^°\ we find the Q mm -dynamics 

° = d ii ^ = e i ( w^r n - cudt) 

i=l &t i=l 

i=i 

The second equality follows from the definition of W^ min , and the last equality is due to 
clearing in the goods market. By matching the dTy { 2 mm -coefficients and using ^bycrs 7^ 0? we 
obtain the clearing condition. 

Finally, to show clearing in the money market, we use 

o = t x ?* A = E + W>) = ^ 0) E« } - 

i=l i=l i=l 

The first equality was established above, whereas the last equality follows from the already 
established clearing in the risky security market. Since > 0, the clearing condition in 
the money market follows. 



Proof of Theorem \6.1[ In this setting the minimal martingale measure Q min on Tt is defined 

-JiTTimiii tin in 

^ dP := where ^f 1111 > is the martingale 

dc in == -arys(t)v^dw t , te[o,T\, e min :=i. 

Let Yi be defined by (|5.ip . Similarly to the proof of Theorem 15.11 we can use the martingale 
representation theorem to produce 0{ G ^4 tcrm such that the corresponding wealth process 
(^f l )te[o,T] satisfies the first-order condition 

U' i {X^+Y lT ) = a l ^. 

Here at is the Lagrange multiplier corresponding to the budget constraint, i.e., a% > satisfies 
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the analogue of (|A.8|) : 
(A.11) X l0 =K^ 



-Tiloginai^-YiT 



In order to see that all markets clear we introduce the martingale for t G [0, T] 



N t := r^a v / b(T - u)^dW u - E t 
Jo 



T 



JO 



i=l 



2n 



v u du 



By using Fubini's theorem for conditional expectations we find the dynamics 

/T 1 B 2 

- Y, j 1 ~ Y^ 2 } e ~ Kvit ~ u)du )^ dWt 
i=l T% 

= GvTn(b{T -t) + J [b'(T-u)- b(T - u)K v }e- K ^- u) dv>j^W t dWt, 

where the second equality follows from (|4.4jl . However, by using integration by parts together 
with b(0) = we obtain dN t = for t £ [0, T). 

We can then finish the proof and as in the proof of Theorem 14.31 it suffices to show 
ELi Xt = 0, P-a.s., to ensure clearing in all markets. By the definition of £™ m the require- 
ment Y^,i=i Xrp = 0, P-a.s., is equivalent to 

I I 

E^ = -E r * lo s( Q ^ in ) 
t=i i=i 

= ~Yl Ti lo ^i a i T i) + r s Q£ l*s(t)y/vtdWt + \ f Q ^s{t) 2 v t dt^j . 
By the definitions of fis and Yi this requirement is equivalent to 

1 ( r T P 2 . \ 

\Yio + + ^ (K Yi - ^>tdt\ 

I / fT i rT 

= ~Yl Ti + T E [a v b{T - t)y/vtfW t +2j Q Vs(t) 2 v t dt 

By the definition of the martingale N, this requirement can be re-written as 

/ I 



(A.12) 



Y Y i0 + fi £ T + Y^ n log(aiTi) = N T = N {) . 



i=l 



i=l 
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Since Ya=i x iO = 0, the requirement (1ATT21) holds by (lATTll . 
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Proof of Theorem \4-6\ In the first-order condition for the individual investor (|4,15p . the 
investor-specific state-price density £j has the dynamics 

diu = -L (r t dt + X' t dB t + dM^j , i = 1, I, 

for some local martingale orthogonal to B, i.e., (B, M^)t = for all t E [0, T\. Computing 
the dynamics of both sides of (|4.15p gives us the relation 

dc it = ...dt+ (ri\' t - a Y ^t) dB t + -dB^ + ...dM^. 

By summing over investors and matching the (i-B-integrals, we see that the equilibrium in- 
stantaneous market price of risk process satisfies 

I 1 

Aj = — yV't, t£[0,T}. 

o 
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